Uniqueness for the inverse fixed angle scattering problem by Barceló, Juan A. et al.
ar
X
iv
:1
81
1.
03
44
3v
2 
 [m
ath
.A
P]
  1
8 M
ar 
20
19
Uniqueness for the inverse fixed angle scattering
problem.
J. A. Barcelo´∗ C. Castro∗ T. Luque† C. J. Meron˜o∗
A. Ruiz‡ M. C. Vilela∗
March 19, 2019
Abstract
We present a uniqueness result in dimensions 2 and 3 for the inverse
fixed angle scattering problem associated to the Schro¨dinger operator
−∆+ q, where q is a small real valued potential with compact support
in the Sobolev spaceW β,2 with β > 0. This result improves the known
result, due to Stefanov [9], in the sense that almost no regularity is re-
quired for the potential. The uniqueness result still holds in dimension
4, but for more regular potentials in W β,2 with β > 2/3.
The proof is a consequence of the reconstruction method presented
in our previous work [1].
Key words. Inverse scattering problem, Schro¨dinger equation, Scat-
tering data
1 Introduction
We consider the scattering problem appearing in quantum mechanics
of finding u the solution of

(−∆+ q(x) − k2)u(x) = 0, x ∈ Rd,
u = ui + us,
∂rus − ikus = o
(
r−(d−1)/2
)
, r = |x| −→ ∞,
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where q ≡ q(x) is a real valued potential with compact support, ui ≡
ui(x, θ, k) = e
ikθ·x is the incident wave, with wave number k > 0 and
direction of propagation θ ∈ Sd−1.
The solution u of problem (1) is known as the outgoing scattering
solution, and us, which is the perturbation of the incident wave due to
the potential, as the scattered wave.
It is well known that for appropriate potentials q, us satisfies
us(x, θ, k) = Cdk
(d−3)/2 e
ik|x|
|x|(d−1)/2
u∞(ω, θ, k)+o
(
|x|−(d−1)/2
)
, |x| → ∞,
(2)
where ω = x/|x| and
u∞(ω, θ, k) =
∫
Rd
e−ikω·yq(y)u(y, θ, k)dy. (3)
The function u∞ ≡ u∞(ω, θ, k), known as the scattering amplitude
or far-field pattern of u, depends on the wave number k > 0, the
incident angle θ ∈ Sd−1 and the reflecting angle ω ∈ Sd−1. The central
problem in inverse scattering for the Schro¨dinger equation is to recover
the unknown potential q from the scattering amplitude u∞. This is an
overdetermined problem, since u∞ depends on 2d − 1 variables while
q only depends on d.
Therefore, it is natural to recover the potential from partial knowl-
edge of the scattering amplitude. From the applications point of view,
the most widely studied cases are the fixed angle scattering problem,
the fixed energy scattering problem and the backscattering one. An
important question that arise is if this partial knowledge of the scat-
tering amplitude determines the potential. Here we are interested in
this problem when considering fixed angle scattering data, i.e. given
θ0 ∈ S
d−1, we assume known u∞ ≡ u∞(ω,±θ0, k) for ω ∈ S
d−1 and
k > 0. More precisely, we are interested in the following uniqueness
question: Are there two different potentials q1 and q2 with the same
fixed angle scattering data? Note that in this case both the potential
and the scattering data depend on the same number of parameters d.
Mathematical analysis of reconstruction algorithms for fixed angle
scattering data was first considered by Prosser [4], who obtained a
potential in series form that fits the fixed angle scattering data in
dimension three, under some restrictions on the size of the potentials in
a Friedrichs type norm. However, the uniqueness result remained open.
The first partial uniqueness result is due to Bayliss, Li and Morawetz
[2], that proved uniqueness when the fixed angle scattering amplitude
vanishes. This result was extended by Ramm [6] to scattering data
coming from compactly supported potentials q that are constant along
the lines defined by the direction θ = θ0.
Later on, Stefanov [9] proved the first uniqueness result for small
complex valued potentials in W 4,∞ with compact support in R3. In
the particular case of real potentials, he also showed that it is enough
to consider scattering data for a unique incident angle θ0 (see Remark
2.1).
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For real compact support potentials in R3, Ramm [7] stated a global
uniqueness result in W 4,20 without requiring any smallness condition.
However, there is a gap in his proof. The mistake appears in an es-
sential part of the argument and it is not clear how to avoid it. We
refer to the Appendix below for more details. Therefore the global
uniqueness for the fixed angle scattering problem is still open. Very
recently, a global uniqueness result using the time dependent approach
to scattering has been given in [5] for smooth potentials with compact
support.
Our uniqueness result, given in the following theorem, improves the
above mentioned results since much less regularity is required on the
potentials. However, as in [5], we consider a larger set of scattering
data since we use the scattering amplitude coming from both θ0 and
−θ0.
Theorem 1.1. Let β > 0 if d = 2 or 3 and β > 2/3 if d = 4. For
i = 1, 2 let qi be a real valued potential in W
β,2(Rd) with compact
support and scattering amplitude given by ui∞(ω, θ, k). Then, there
exists a constant B small enough (see Remark 2.5), depending on β, d
and the supports of q1 and q2, such that if
‖qi‖Wβ,2 < B, i = 1, 2, (4)
and
u1∞(ω,±θ0, k) = u
2
∞(ω,±θ0, k), for all ω ∈ S
d−1 and k > 0, (5)
then q1 = q2.
In general, Wα,p(Rd) denotes the Sobolev space
Wα,p(Rd) = {f ∈ S ′(Rd) : Λαf ∈ Lp(Rd)}, α ∈ R, 1 ≤ p ≤ ∞,
where
Λα = (1 −∆)α/2 = F−1 〈ξ〉
α
F ,
F denotes the Fourier transform and 〈ξ〉 = (1 + |ξ|
2
)1/2.
2 Proof of Theorem 1.1
The proof of Theorem 1.1 is a direct consequence of Theorem 1.1. of
[1], where authors construct a sequence of approximations using the
fixed angle scattering data and prove that it converges to the potential
in certain Sobolev space and for certain potentials.
For completeness, we include here the statement of Theorem 1.1.
of [1]. We first observe that the scattered wave us in (1) for θ = θ0
satisfies the Lippmann-Schwinger integral equation given by
us(x, θ0, k) = Rk
(
qeikθ0·(·)
)
(x) +Rk (qus(·, θ0, k)) (x), x ∈ R
d,
(6)
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where Rk denotes the outgoing resolvent of the Laplace operator, which
in terms of the Fourier transform, is defined by
R̂k(f)(ξ) =
f̂(ξ)
−|ξ|2 + k2 + i0
. (7)
Under the conditions of Theorem 1.1, the existence and uniqueness of
us is guaranteed by Theorem 2.11 of [1].
Moreover, since u(x, θ0, k) = e
ikθ0·x + us(x, θ0, k), from (3) we ob-
tain
u∞(ω, θ0, k) = q̂(k(ω − θ0)) +
∫
Rd
e−ikω·yq(y)us(y, θ0, k)dy. (8)
This provides a first approximation to the unknown potential q called
the Born approximation. Formally, if we remove the last term in (8),
the right hand side is the Fourier transform of q along the so-called
Ewald spheres. More precisely, given θ0 fixed, we have, up to a zero
measure set,
R
d = Hθ0 ∪H−θ0 =
{
ξ ∈ Rd : ξ · θ0 < 0
}
∪
{
ξ ∈ Rd : ξ · θ0 > 0
}
.
For ξ ∈ H±θ0 there exist unique ω(ξ) ∈ S
d−1 and k(ξ) > 0 such that
ξ = k(ξ)(ω(ξ) − θ0(ξ)), with θ0(ξ) =
{
θ0, ξ ∈ Hθ0
−θ0, ξ ∈ H−θ0
.
Actually, if ξ ∈ Hθ0 we have that
ω(ξ) = −
2ξ · θ0
|ξ|2
ξ + θ0, and k(ξ) = −
|ξ|2
2ξ · θ0
. (9)
The Born approximation for fixed angle scattering data θ0 of a
potential q is defined by
q̂θ0(ξ) = u∞(w(ξ), θ0(ξ), k(ξ)). (10)
Remark 2.1. Definition (10) is equivalent to the one used by Stefanov
in [9] when ξ ∈ Hθ0 , but it differs when ξ ∈ H−θ0 . More precisely,
instead of considering scattering data for −θ0 and k > 0, the scattering
amplitude in [9] is extended to k < 0 by u∞(w, θ0, k) = u∞(w, θ0,−k).
In this way, only scattering data coming from θ0 are required.
Now we insert iteratively the Lippmann-Schwinger integral equa-
tion (6) into (8) to obtain for ξ = k(ξ)(ω(ξ) − θ0(ξ)) and m ≥ 1
q̂θ0(ξ) = q̂(ξ) +
m∑
j=1
Q̂j(q)(ξ) + q̂rm(ξ), (11)
where
Q̂j(q)(ξ) =
∫
Rd
e−ik(ξ)ω(ξ)·y(qRk(ξ))
j
(
qeik(ξ)θ0(ξ)·(·)
)
(y)dy, (12)
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and
q̂rm(ξ) =
∫
Rd
e−ik(ξ)ω(ξ)·y(qRk(ξ))
m (qus (·, θ0(ξ), k(ξ))) (y)dy.
In order to construct our sequence of approximations of q, we fix
m and consider the operator
Tm(f) = φqθ0 − φ
m∑
j=1
Qj(f)(ξ), (13)
where φ ∈ C∞ is a cut-off function with compact support satisfying
φ(x) = 1, if |x| < R and φ(x) = 0, if |x| > 2R,
with R > 0 such that the support of q is contained in B(0, R).
We define the sequence {qm,ℓ}ℓ∈N recursively by{
qm,1 = 0,
qm,ℓ+1 = Tm(qm,ℓ), ℓ ≥ 1.
(14)
Remark 2.2. Observe that qm,2 is nothing but φqθ0 . On the other
hand, form (13), the sequence {qm,ℓ}ℓ∈N only depends on u∞(ω,±θ0, k)
and R.
The following theorem states that the iterated limit, first in ℓ and
then in m, of the sequence {qm,ℓ}m,ℓ∈N is equal to q, under certain
hypotheses.
Theorem 2.3. (Theorem 1.1 of [1]) For d ≥ 2 and α satisfying
0 < α ≤ 1, and
d
2
−
d
d− 1
< α <
d
2
, (15)
leq q ∈ Wα,2(Rd) be a real function with compact support in B(0, R)
and such that
‖q‖Wα,2 < A, (16)
for an appropriate constant A := A(d, α,R) > 0 small enough. For
each m ∈ N, let {qm,ℓ}ℓ∈N be the sequence defined by (14). Them,
there exists qm ∈W
α,2(Rd) satisfying
qm = lim
ℓ−→∞
qm,ℓ in W
α,2(Rd). (17)
Moreover, the sequence {qm}m∈N satisfies
lim
m−→∞
qm = q in W
α,2(Rd). (18)
Remark 2.4. The proof of Theorem 2.3 depends on very accurate
estimates for Rk, the resolvent of the Laplace operator, which can be
found in [8]. The smallness condition (16) is written in terms of the
constants appearing in these estimates (see Remark 1.2 of [1]). On
the other hand, conditions in (15) imply that d < 5 and, therefore,
Theorem 2.3 is only valid for 2 ≤ d ≤ 4.
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Proof of Theorem 1.1. The proof is a straightforward consequence
of Theorem 2.3. Precisely, since any q under the conditions of Theo-
rem 1.1 satisfies the assumptions of Theorem 2.3, for i = 1, 2 we can
construct the approximation sequence
{
qim,ℓ
}
m,ℓ∈N
for qi, which only
depends on ui∞(x,±θ0, k) and the support of qi. Therefore, by (5),
q1m,ℓ = q
2
m,ℓ. From (17)-(18) we easily obtain q1 = q2. 
Remark 2.5. Notice that in the particular cases β < 1 and d = 2
or β ≤ 1 and d = 3 or d = 4, the constant B given in (4) equals the
constant A given in (16), with α = β. In other case, we can chose any
α under the conditions of Theorem 1.1 such that 0 < α < β, and thus
‖qi‖Wα,2 ≤ C(d, α, β,R)‖qi‖Wβ,2 < A, i = 1, 2,
if we take
B =
A
C(d, α, β,R)
.
3 Appendix
In this section we detail a gap in the proof of the global uniqueness for
the fixed angle scattering problem given in [7]. Essentially, the main
result in [7, Theorem 1.1] follows from putting together key estimates
(25) and (26) in that paper.
Estimate (26) (which coincides with estimate (19) below) is proved
in [7, Lemma 3.1] that we now state.
Lemma 3.1. Assume that f is a real function compactly supported in
B(0, R), and such that f ∈W β,2(B(0, R)) with β > 3. Let κ > 0 fixed
and η > 0, then
lim sup
η→∞
max
ζ∈S2
|fˆ((κ+ iη)ζ)| =∞.
Also for any κ > 0, there is an η = η(κ) such that
max
ζ∈S2
|fˆ((κ+ iη)ζ)| ≥ max
ξ∈R3
|fˆ(ξ)|, (19)
and
η(κ) = R−1 lnκ+O(1), κ→∞.
Our main objection is that (19) cannot be true for a C∞0 function
and a sequence of the kind η(κ) = O(ln κ). In fact, if f ∈ C∞0 (B(0, R))
by Paley-Wiener (see [3, pp.21]) we have that
|fˆ((κ+ iη)ζ)| ≤ C(γ)|κ+ iη|−γeR|η|
holds for every γ > 0. Then it is clear that the condition η(κ) = O(ln κ)
as κ→∞, implies that the left hand side in (19) tends to 0 as κ→∞,
contradicting the inequality.
Since the logarithmic behavior of η(κ) is a condition to prove es-
timate (25) (see estimates (45)-(49) in [7]), then both estimates (25)
and (26) cannot be used simultaneously together to prove [7, Theorem
1.1].
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